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THE UNIFORMIZATION PROPERTY FOR N,

BY
CHARLES I. STEINHORN AND JAMES H. KING

ABSTRACT

We present S. Shelah’s result that $3={8 < w,:cf(§) = @;} may have the
uniformization property (cf., §1, or [3] for a definition) for “well-chosen
sequences”’, (7, : 8 € S? A 7, an increasing w,-sequence of ordinals converging
to 8). This implies that GCH 4 O;, which shows that Gregory’s result (cf., [2]),
GCH— Oy, is the best possible.

§1. Introduction

In this paper, we present the proof of a generalization, due to S. Shelah, of a
result proved in [3]. Following the terminology employed in [3], we say that
S C w, has the uniformization property if for every sequence {7, : 8 € S), where
each 7, is an increasing w-sequence converging to 8, and for each ¢ =
{¢cs:8 €S A ¢cs € “2) (referred to as a coloring of (s : 8 € §)), there exists an
f:w,—>2 so that for each 8€S there is an m;<w such that
Vm >my)f(ns(m))=cs(m) (i.e., f uniformizes the coloring). In [3], the
following is proved:

(1.1) Con(ZF)— Con(ZFC + CH + “Some stationary S C w, has the unifor-

mization property”).
There, variations of this consistency proof yielding the consistency with CH of
like combinatorial principles are mentioned, and applications are discussed. The
uniformization property for subsets of e, is dealt with in [1] also. It is proved
there, under CH, that no closed, unbounded subset of w, can have the
uniformization property, and also that for § C w,, if ®(S) holds, then S cannot
have the uniformization property (®(S), introduced and treated extensively in
[1], is a weak form of ©.)

Interest in a generalization of (1.1) to subsets of w, arises from two directions.
First, one simply might want to determine what analogues of (1.1) hold in higher
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cardinalities. The second, and by far more interesting reason has to do with the
fact that certain versions of < for cardinalities higher than w; have been shown
to follow from the G.C.H., and as alluded to above, it seems that <-like
principles have something to do with the uniformization property. Thus, relative
consistency results involving the uniformization property might clarify the status
of some of these versions of ©. Let us be more precise now. Gregory, in [2], has
shown that Og; (throughout this paper, S§= {8 < w, : cf(8) = w,}) follows from
the G.C.H. Furthermore, Og; easily implies that S3 cannot have the uniformiza-
tion property. (This, and the same assertion for stationary subsets of other Sg’s
follows by a completely straightforward adaption of the proofs given in [1] which
establish that © implies ® ([1}, p. 237) and that ® implies the negation of the
uniformization property for S; ([1], theorem 5.1).) G.C.H. therefore implies that
S} cannot have the uniformization property. Consequently, information about
the relative consistency of the G.C.H. and the uniformization property for S}
(i.e., the statement that increasing w;-sequences converging to § € S7 are to be
uniformized by some f € “2) might help to resolve the status of sz and the
G.CH.

Indeed, the natural generalization of (1.1) to w, and stationary subsets S C S?
can be proved by appropriately modifying the proof of (1.1) (cf., [3], theorem
2.3). In this case, however, if S C S7is to have the uniformization property, then
$7— S must be stationary as well. So, the more important question is whether or
not S} itself can have the uniformization property. The primary result of this
paper is:

THeOREM 2.1. Con(ZF)— Con(ZFC+ GCH + S} has the uniformization
property for a “well-chosen sequence’ (n;:8 € $1)).

Nb. The meaning of “well-chosen sequence’ will be made precise in 2.7.

This theorem thus shows that Gregory’s result cannot be improved.

All results and methods of proof are due to S. Shelah, to whom the authors
wish to express gratitude for patient explanations and encouragement. We also
wish to thank Arnold Miller for many helpful conversations.

Throughout, we use the usual notation and conventions.

§2. In this section, we will prove the main theorem of this paper:

Tueorem 2.1. Con(ZF)— Con(ZFC+ GCH + 83 has the uniformization
property for a ““well-chosen sequence’ (ns : 8 € ST A 15 : @ — 8 A 0, is increasing
A SUPa<a, {ns(a)} = 8).) (See 2.7 for a definition of “well-chosen sequence’.)
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Theorem 2.1 follows from:

THEOREM 2.2. Assume V=L Let §1={8 <w,:cf(8)= w}. Then, for a
“well-chosen sequence”, (n;: 8 € 87), there is a set of forcing conditions P =
(P, =) such that:

(1) |P|=Ns, P has the 8; chain condition, and P adds no new sequences of
length o or w,.

(2) In the generic extension V*, for any € =(cs:8 € S; A c; € “12), there is a
function f:w,—2 so that (V8 € SH(Avs < o )(Vv < wi)[v > vs = f(n5(v))
= ¢;(v)]. (Le., for the “well-chosen sequence” (n; : 8 € S3), the uniformization
property holds in V¥ for §7.)

Before presenting the proof of Theorem 2.2, which uses iterated forcing, we
briefly sketch the first step in the iteration for the benefit of the reader.

Let ¢ = {cs: 6 € Si A ¢; € “2) be given. We then define P = (P., =) as follows:
Po={f:f€°2 (a<w)r(V6=a) [5ESi—>(Its<w)(VE>E)f(na(£))
= ¢;(£)]}, and for p,g € P,, p=q if and only if p Cq. It is apparent that
E,={p:a Cdom(p)} is dense for all a < w,;, whereupon it follows that a
generic filter will yield the desired unifying function. Moreover, P. does not add
new w-sequences since the union of a countable chain of conditions in P, is itself
a member of P, (this is because each 1, converges to 8, which has cofinality ;).
Also, since |P.|= N,, P, clearly satisfies the Ns;-chain condition.

Consequently, in order for us to see that the generic extension preserves
cardinals and the G.C.H., it only remains to indicate why no new w;-sequences
are added. Thus, suppose that p IF “r is an w,-sequence”. We must find some
g = p that decides 7 (i.e., g7 =f for some f€ V). To this end, choose
N <(H(w.),Ps,p,&1,---) with NNw,=8E S} and N = U,<., N;, where
(N;: £ <w,) forms a continuous, increasing elementary chain, @,;C N,
N; Nw, = &, and (V¢ < 0,)"N¢.1 C N;... We define, by induction, an increasing
chain of conditions p; € N; for each £ < w, so that p, decides 7 [ £& Let p, = p. At
limits A, we let p, = U, pe (cf(A) = w, so p, indeed is a condition). The only
work comes at successor steps. Assume, then, that we have defined p,; and wish
to extend it to p;., which fulfills the criteria stated above. Note that {8:B €
mg(n5) N N\ N} is countable. In N, we form a function f=
P U{(ns(v), cs(v)): 8 = 15 (v) < &.1}. Since |dom(f)\dom(p;)| =N, we may
find a condition r € N,., that extends f. Then, again in N.,, we obtain p,., = r
such that p;,, decides 7[ ¢ + 1. Finally it is easy to see that Uicope=qisa
condition extending p which decides 7, completing the argument. Hence P. has
the properties that it should have.



Vol. 36, 1980 UNIFORMIZATION PROPERTY 251

The idea underlying the proof of Theorem 2.2 is to iterate P. extensions w;
times, taking inverse limits at limit stages of cofinality less than w,, and direct
limits at limit stages of cofinality w,. As will be seen, much more care must be
exercised in the iteration than in the sketch of the first step just given.

Now, we inductively define sets of forcing conditions, P., and names, ¢,, in the
P.-forcing language, for a < w;. P=P,, will be the desired set of conditions.

DEfFNITION 2.3. P.={p:p is a function Adom(p)C a A [dom(p)|= N, A
(VB € dom(p)) [pIB ' “p(B) is a name in the P, forcing language for a
function from y5 < w; to 2 such that p(B)EP., "] A{y;: B Edom(p))E V}. P,
will be ordered by p = q (i.e., g extends p) & (VB € dom(q)) q [ B +Fep(B)C
q(B).

We shall say that peP,=(P,, =) is real if (VB €Edom(p)) (AIfE V)
p 1B = *“p(B) = f", and we shall call p §-rectangular if (V8 € dom(p))y5 = &.

DEerFINITION 2.4. If p €EP, and g €EP,, then p v q is the relation defined on
dom(p)Udom(q) so that:

(i) if ¢ € dom(p)\dom(q), then [p v q](£) = p(¢).

(i) if ¢ € dom(q)\dom(p), then [p v q](¢)= q(¢).

(iii) if ¢ € dom(p) N dom(q), then [p v q](£)=p(§) U q(§)-

ProrosiTioN 2.5. If pEP,, qEP; and a < B, then p = q| a implies that
pvqEP,

Proor. Left to the reader. |
LEmMA 2.6. P=P,, is N,-closed.

Proor. This is clear since the union of countably many conditions cannot
reach a new 7, sequence. 4

Theorem 2.2 now will follow from Lemma 2.8, below. However, before stating
and proving the lemma, we must make precise what we mean by a “well-chosen
sequence”’, (n;: 8 € S

2.7. Well-Chosen Sequences. Recall that V = L for Theorem 2.2. We shall
employ Os: to choose the 7,’s. Since Ogz holds, for every § € S7, there is a model
M, for a countable language so that M, has universe § and:

(2.7.1) {6 € S1: M; < M} is stationary, where M is a model, with universe w,,
for a countable language.

Now we define, for each 8 € S7, 7;, an w;-sequence converging to §:
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Case 1. For some partial ordering P € H(w;), %, - - -, and for some structure
M with universe ., the following hold:
(2.7.2)(a) M <{H(w,),P,IF*,-- -, ES), where

ES ={N € H(ws): N =R, A°NC N AN <(H(w;),P, ", -)
AN N w, is an ordinal} {i.e., ES C H(w,)).

(2.7.2)(b) ORD Nord(M) 2D w,.

(2.7.2)(c) M; <(M, ¢, f), where ¢ is the real ¢ (recall that the universe of M,
(M|, is ;) and f:{w?, e™)—>(|M|, ) is an order preserving bijection.

(2.7.2)(d) (transitive collapse of M;) N w.= 8.
Let (8%: ¢ < @) be an increasing, continuous sequence of ordinals converging to
8. We shall abuse notation slightly in what follows by confusing M, with its
transitive collapse. By induction on ¢ <w, we choose a; EM; so that:
(V&M = ES(a;); for £,< &, MskE a, € a, (¢ here is ¢™); for A a limit,
M; U, .a; = a,; and | ag.q| N (ord(M;) N w;) D 67 (where |a,.,| is the uni-
verse of the structure a;.,). For £ < w,, let §; =|a;| N w,. In this case we let
mg(ns) = {8, : EZ S}, where S C w, is stationary and costationary.

Case II. Not Case I. Let ns be any w;-sequence converging to 3.
This done, we shall establish Theorem 2.2 by proving the following lemma:

LEmMa 2.8. For each a = w;,

(i) (Vp€E€P.) (VY countable t € **“2) [(VB<a)p[BF*“p(B) and t(B) are
consistent” > (AqEP.) p=q A (VB <a)TIF“t(B)C q(B))}

(i) (Vp€P.)(3q<P.) [p =q Aq is real and rectangular].

(iii) Forcing with P, adds no new w,-sequences.

COROLLARY 2.9. P=P,_ has the R;-chain condition.

Proor. Given N; conditions, extend each to a real condition by 2.8(ii). GCH
and a standard A-system argument implies that this set of conditions could not
form an antichain. 4

Thus, assuming the lemma, we see that forcing with P does not change
cardinals or cofinalities (merely combine 2.8(iii) and 2.9). That P satisfies all the
other criteria required for Theorem 2.2 should be clear. So, it only remains to
prove lemma 2.8.

Proor oF 2.8. We shall prove (i)—(iii) by simultaneous induction on a. First,
we will give the arguments for (i) and (ji), and then shall indicate how (ii) and a
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trivial modification of the argument used to establish (ii) in the case that
cf(a) = o, suffices to yield (iii) for any a. Tacit use of Proposition 2.5 will be
made throughout what follows.

a = 0: There is nothing to do. 1
cf(a)= w: (i) and (ii) follow since P, is N,-closed. 1
cf(a)> w,: (i) is obvious again, as ¢ is countable, and (ii) follows because for
any p €P,, |dom(p)| = N,, whence sup({8 : 8 € dom(p)}) < a. 4
a = B +1: (i) This is easy, and left to the reader. 1

(ii) Given p €P,, we use the induction hypothesis to define (g, : n < @) and
{8, : n < w) satisfying:

1) (Vn<w)d, <811 <

(@) (Vn <w) [g. EPg A Gu = gn+1 A g is real, 5,-rectangular].

(3) g “p(B)=f, for some fE V.

(4) i lb“(ch: € <8.)=(&5: £ <8,)” for some (ci: £ <8,)E V.

Then, let g=U,<,q. and 6 =U,..5,. In V, find g: 6 —>2 uniformizing the
colorings given by g and extending f If § is a P, name for g (i.e.,
BWPe g : 8 - 2), then q U{(a, £)} is the desired condition. !

cf(a) = w:: (i) Easy once again, and left to the reader. 4

(ii) This argument represents the bulk of the proof of the lemma. We begin by
showing that it suffices to prove:

(i) ---(VpEP.) (3g EP.) [q=p A q is rectangular A (VB <a) (VrEP,)

(rzqlBarkeqliB=(f:y<B), for some (f,:y<B)EV > rk“p(B)=
f7, for some f € V)].
To see this, we first choose g. € P., for each n < w, by induction. Let qo= p.
Given g,, let g.., be as given by (ii), with ¢q. assuming the role of p. Let
g =U.<.q.. Clearly, g is a condition extending p, and gq is rectangular. We
show by induction on B < « that q is real. Thus, suppose that g [ 8 is real. We
must prove that q|B I “q(B)=f" for some fE€ V. Now, q[BF*“q(B)=
U.4.(B)”, and since q I B is real, for each n < w, gl B “guni| B=(f1*' 1y <
B)” for some (f;"':y <B)€E V. Thus, by (ii) it follows that for all n < o,
q!1BF“q.(B)=f.”, for some f, € V. Whence, it follows that g | B forces q(B)
to be the name for a function V, completing the argument.

Consequently, it only remains to prove (ii)'. It is here that we need the fact that
(ns: 8 € 87 is “well-chosen”, as in 2.7. Thus, we may assume that there are
structures N;(¢ < w,), so that for any ¢:

N; <(H(w3), & Poy =, - - ); [[Nel| = 15 “Newr © News (N1 €<
w,) forms a continuous, increasing, elementary chain; and, if we
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let &, =N;Nw, and 6 = U, 8, then there is a stationary
S g w; SO that g ES implies [85, 85+1) N mg(‘na) = (.

We also may assume that the p € P, given in (ii) is in N,. (For otherwise, take
the least p € P, via some choice function that is put into (H(ws), - * ), for which
(ii) fails, and thus being definable, p € N,. In that case, this entire argument
would be by contradiction.) Let us alsoset U,., N;=N,A=a NN ={a,: (<
,} where we demand that a; € N,.,, and A; = {a, :n < &}

Let T, ={f:dom(f) = A¢ A (Va; € dom(f))f(e;):mg(ns) N[5, 8;)—2}. By
induction on ¢ < w,, we will define Q¢ ={qf:q{€P, At € T} such that:

(@) QfEN,...
(b) ulBCLIB > qiIBC LB

29 () tCgqi(ie., BEdom(t) > D™= “t(B)C qi(B)").
d) M<MALET ALET At CHLDq. Cq.-
(e) (VB € dom(gf)) dom(qi(B))C &..

Intuitively, T, may be thought of as a tree of possible initial segments of
(ch: B € A;). QFf thus is a set of conditions in P, each member of which is
consistent with an element of T,. Such a tree of approximations, or guesses, is
needed here because we do not know what (cg: 8 € A) is. Now we proceed with
the definition of Q°.

£=0: Let q%=p.

£ a limit: Just take inverse limits.

& =n+1and mg(ns) N (8 — 6,] # 0: We may assume that we have a choice
function available (as per remarks made above). We note that for any t € T;
there is a unique s, € T, so that s, C t. We work in N;. For B € A,, we let g¥(B)
be the first P;-name o so that JIH“qi(B)=ocrc EP, A t(B)Co”. If
B Edom(gN\A,, let qi{(B)=q7(B)=q¥B). It is clear that g satisfies (2.9)
(a)-(e)-

E=n+1 and rmg(ns)N(8; — 5,] =0: In this case, n €S, so Os givesus a
t*€ T, and a B% € A,. Moreover, just as in the previous case, for each t € T;
there is a unique s, € T, with s, C ¢ (In fact, since n € S, T, = T;!) Now, by
induction hypothesis (iii), we find qo € Ps;, qo real and qo= q7,I B, so that
qolt“q7(B%) = f7, for some f € V. By the choice of N,, we may assume that
f, o€ N;. This done, we can define gf for t € T,. Let y(t)=min{B%, y'(t)},
where y'(¢!)=sup{{:t1{ =1t%1¢}. Then set qi=qol y(t)vq: Again, it is
evident that (2.9) is satisfied.

This completes the definition of Q¢ (¢ < w;). So now we will define q as
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required in (i)’ to complete the proof of (ii). We must define q conditionally
(i.e., we carry out a so-called fusion construction). Thus, for 8 < a, given q [ 8,
we must define g(B). Let {p, : y < w,} be a maximal antichain of conditions in P,
so that for all y,p, Zq [ B and also foreach n € A, n =B, p, e “c%= &7 for
some ¢ € V. (Recall, by induction hypothesis, that forcing with P, adds no new
w,-sequences.) Then, let

a®=-{{( U 45®) .p): 1B+ D=(czmeAnspI8).

§<w;

The definition is unambiguous (i.e., beyond fulfilling the stated criteria, the
choice of the t,’s doesn’t matter) because of the conditions (2.9.1) (b)~(d). This
done, we must show that (i) indeed holds. Clearly, g is rectangular and it
extends p. So, given B <a, let r€P, be such that r=g[B and ri-“qlIB =
(f,)y<p”, for some {f,), s € V. If we let

t= (,f7>7<8 r U {<a'n’ {):611 §{<8 A {E mg(ns)},

a, €A

then ©Os insures that there is a stationary set S'C S so that for each ¢ € §',
y

B=B%t and ] U {(a,{):8,={<8}=1%1B
a, EAg
Thus, r = %[ B and since q%(8) 2 p(8), we have that r IF*» “p(8) = f for some
f € V. This completes the proof of (ii).

Finally, to complete the proof of Lemma 2.8, we briefly indicate how the
argument above may be modified to yield (iii), for any a. We assume that (i) and
(ii) already have been established for a. So assume that p €P,, and p I *7 is an
wi-sequence’’. Essentially, we perform the construction to get ¢ = p just as in
the proof of (ii)’. Here, though, we need only ask Os to provide us with t3 € T,
for n € §. Furthermore, at stage £ =  + 1 in the construction involving <5, we
find (using the notation of the argument, above) q,€ P, with g, real and
qoZ q7;, so that gol-“7[ ¢ = 7 for some f € V (recall P, is N,-complete). Then,
fort € T, let qf = qol y'(t) v q7 except when ¢ D t%, in which case let qf = qo. If ¢
then is built as before, next find r EP,, r = g and r real. Applying s, it is easy
tosee that r-“r=Hh ", for some h € V. This completes the proof of Lemma 2.8,
and thus establishes Theorem 2.2. 1

We remark, in closing, that Theorem 2.1 may be generalized to successor
cardinals by invoking the appropriate combinatorial principles, and to inaccessi-
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ble cardinals as well. However, we do not know the status of Theorem 2.1 for
less well-chosen sequences (1, : 8 € S7).
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